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ABSTRACT. Let ¥V = ¥V, @ V, be an isometry, where ¥, is unitary and ¥, is
a unilateral shift of finite multiplicity #. Let S = S, @ S, be a subnormal
operator where Sy @ S, is the normal decomposition of S into a normal
operator S, and a completely nonnormal operator S,. It is shown that § is
quasisimilar to ¥ if and only if S, is unitarily equivalent to ¥, and S, is
quasisimilar to V,. To prove this, a standard representation is developed for
n-cyclic subnormal operators. Using this representation, the class of subnor-
mal operators which are quasisimilar to ¥ is completely characterized.

0. Introduction. The purpose of this paper is to study quasisimilarity within
the class of subnormal operators. Two Hilbert space operators 4 and B are
quasisimilar if there exist operators X and Y which are one-to-one, have
dense range, and satisfy X4 = BX and AY = YB. Quasisimilarity was in-
troduced by Sz.-Nagy and Foias, who gave a simple characterization of the
class of operators which are quasisimilar to a unitary operator [13]. They also
showed that if 4 is quasisimilar to a unitary operator W, then there is a
one-to-one correspondence between the hyperinvariant subspaces of 4 and
the hyperinvariant subspaces of W. In general, it is known that if 4 and B are
quasisimilar and 4 has a hyperinvariant subspace, then so does B [7].

An operator S is subnormal if S has an extension T to a larger Hilbert
space on which T is normal. Let p be a positive, finite Borel measure with
compact support in C and let U, be the operation of multiplication by z on
H?*(p), the closure in L?(p) of the polynomials in z. Up to unitary equiva-
lence, the operator U, is the most general cyclic subnormal operator. If m is
Lebesgue measure on J = {z: |z| = 1}, then H? = H?(m) is the classical
Hardy space and U,, is the unilateral shift. A measure p is of type & if

(1) p is carried by {z: |z| < 1},

(2) the restriction of u to 9 is absolutely continuous,
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(3) flog(du/dm)dm > — oo.

Recently, S. Clary proved that U, ~~ U, if, and only if, u is of type & [3],
[4]. In this paper we will extend his result by replacing U,, by more general
isometric operators.

Each Hilbert space operator A has an orthogonal decomposition 4 = 4, @
A,, where A, is normal and A, is completely nonnormal. By completely
nonnormal we mean that the restriction of 4, to a reducing subspace is never
normal. Let S and S’ be subnormal operators with decompositions S, @ S,
and S§ @ S, respectively, and suppose S and S’ are quasisimilar. We will
show that S, and S must be unitarily equivalent. It is not necessary, however,
that S, and S; be quasisimilar even if S’ is an isometry. On the other hand, if
S, is the unilateral shift of finite multiplicity n, then we will conclude that S,
and Sy are quasisimilar.

This brings us to the question of which subnormal operators are quasisimi-
lar to the shift of multiplicity n. Such an operator must be n-cyclic. An
operator 4 on a Hilbert space H is n-cyclic, or cyclic of finite order n, if there
is a set of n vectors {x,, ..., x,} C H such that the smallest subspace of H
invariant under 4 and containing {x,, ..., X,} is all of H, while no set of
n — 1 vectors has this property. An n-cyclic subnormal operator has an
n’~cyclic normal extension where n’ < n. Using this fact, a standard repre-
sentation is developed for n-cyclic subnormal operators. This model allows us
to characterize the class of subnormal operators which are quasisimilar to the
shift of multiplicity n.

1. Notation and definitions. All operators considered here are bounded
Hilbert space operators. An operator X is quasiinvertible if X has dense range
and no kernel. If two operators A and B are quasisimilar, we will write
A ~~ B or A ~~ Bvia (X, Y), where X and Y are quasiinvertible opera-
tors such that X4 = BX and AY = YB. If A and B are unitarily equivalent,
then we will write 4 = B or A = B via X, where X is unitary and X4 = BX.

We will implicitly use the following facts concerning quasisimilarity
throughout this paper.

LEMMA. Suppose A: H—> H, B: H' — H’' and X: H — H'’ are operators such
that X has dense range and XA = BX. If A is n-cyclic, then B is cyclic of order
at most n. [

COROLLARY. If A ~~ B and A is n-cyclic, then B is also n-cyclic.

Let & be a subset of H. The smallest invariant subspace of 4: H > H
which contains & is denoted IN(& ; A). Similarly, the smallest subspace of H
which contains & and reduces 4 is denoted N(&; 4). If & = {x,,..., x,}
is finite, then we write M (x,,...,x,; 4) and N(x,, ..., x,; A) for
M (&, A) and N (&, A), respectively.
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By measure we will always mean a positive, finite measure on the Borel
subsets of C. We will say that a measure p is carried by a Borel set E if
1(C\ E) = 0. The support of a measure p, denoted supp p, is the complement
of the union of all open sets of p-measure zero. The measure p restricted to a
Borel set E is the measure p|; defined by p|z(F) = w(E N F). We will be
particularly interested in measures which are carried by D, where D = {z:
|z] < 1}.If p is such a measure, then we will write p, for p|g. (Recall that F is
the boundary of D.)

Let p be a measure with compact support. Let W,: L?*(p) > L¥(p) be the
operation of “multiplication by z”. Thus (W,f)(2) = zf(z) for each f €
L*(p). Up to unitary equivalence the operator W, is the most general cyclic
normal operator. For f and g in L?(p) we will write (f, g), for their inner
product and || f||, for the L*(u)-norm of f.

2. Normal operators. We collect here some properties of normal operators
which we will use in later sections. The above representation for cyclic
normal operators generalizes to the noncyclic case as follows.

Let p=(pp ..., ) be a finite sequence of measures. Let F =
(fis-..,f,) and G=(g,...,8&,) be measurable functions mapping C into
C". We will say that F = G a.e. [p] if f; = g; a.e. [g], | <j < n. This defines
an equivalence relation on the set of such functions, and, following the usual
custom, we will ignore the distinction between a function and the equivalence
class to which it belongs. Let L%(u) be the set of (equivalence classes of)
measurable functions F: C — C” such that

n 1/2
(2 fufan) <. 0

where F=(f,,...,f). Using the left-hand side of (1) as norm, L%(w)
becomes a separable Hilbert space. Define an operator W,,: L) —» L) by
(W, FXz) = zF(2) = (zfy(2), - - - , 2,(2))-

These definitions may also be made for an infinite sequence of measures
B = (g ty, . .. ). In this case we consider functions F = (f,, f,, . . . ) map-
ping C into the space of sequences of complex numbers and assume each f; is
measurable.

LeMMA 2.1. A normal operator T: K — K is n-cyclic if, and only if, n is the
smallest integer for which there exist n vectors x,,...,x, € K such that

K=%N(xy...,x, T).

PrOOF. Suppose T is n-cyclic and suppose K = N(x,, ..., x; T). Let
X, = x,, and let X; be the orthogonal projection of x; into

KO N(xy---,x_3T), 2<i<}.
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Choose y; such that M (y;; T) = N(%; T) (cf. [1, Theorem 6]). We have
M(yyy--es Y3 T)D MUZ; T)B - - - ON(X; T) = K.
Therefore, n < j. [J

LEMMA 22. Let p = (py5 - - - » Ib,) be a sequence of measures. The following
Statements are equivalent:

0 W, is n-cyclic;

(2) there exists a nonzero measure v such that v < w,, 1 < j <n;

(3) there exists a Borel set E such that w(E) >0 and plp < iy, 1 <},
k <n.

PROOF. Suppose W, is n-cyclic. For each j, 1 < j < n — 1, we may write
K, = ¥, + ¥, where y, <, and v, 1 p. Let E; be a Borel set such that
v,(C\ E) = p(E) = 0, and set E/ = supp u; \ E;. Let

FE=(0,...,0,x0,...,0,x5), 1<j<n-1
Both 0,...,0,1,0,...,0)and (0, ..., 0, xg) are in N(F; W)). Let

n—1
E=U E,.
jm=1
It follows that (1,0,...,0), (0,1,0,...,0),...,(0,...,0,1,0) and
©,...,0 xg) are all elements of IN(F, ..., F,_;; W,). Since

N(Fy, ..., F,_;; W)+ L¥p), we must conclude that p,(C\ E) > 0. By
construction, »,(C\ E) =0, 1 <j <n — 1. Therefore, the measure p,|c\g
satisfies statement (2).

Now suppose the measure » satisfies (2). Let E be a Borel set such that » is
carried by E and » and p| ; are mutually absolutely continuous. Then

Ble <v < ylp <y
and p(E) > 0 because »(E) > 0.

Finally, suppose there is a Borel set E satisfying statement (3). Let » = p,| ¢
and note that | and » are mutually absolutely continuous. Suppose L*(w)
= 9 (F,, ..., F,; W,). As shown in the proof of Lemma 2.1, we may
assume that

NUF; W) LI(F; W),  j#k.

Because of this orthogonality condition we may conclude that there are
measurable functions g such that

glel+"'+gjﬁ,Fn,=(0,...,0,1,0,...,0), l<j<n (2)
(the “1” appearing in the jth position). Let 4(z) be the matrix (g;(z)). Then
the equations (2) imply that A(z), considered as a linear transformation from
C" into C", is surjective for almost every (with respect to ») z. This is possible
only if n” > n. Therefore W, is n-cyclic by Lemma 2.1.



SUBNORMAL OPERATORS QUASISIMILAR TO AN ISOMETRY 149

THEOREM 2.3. Let T: K — K be a normal operator on a separable Hilbert
space K. Then there exists a sequence of measures p = (p,, fby, - - . ) Such that
m>pp> ... and T = W,. If T is cyclic of finite order n, then we may take
PEYORRY

ProoF. See [2, Theorem 10.3]. The last statement of the theorem follows
from Lemma 2.2. []

Let T: K — K be normal. One result of the spectral theorem is that for
each x € K there exists a unique measure », such that

(T'x, T*) = f 2z% dv (2).
In addition, there is a unitary operator ¥: K — L%(»,) such that ¥x = 1 and
Nawr) =W, viaV.
If X is separable, the measure », may be found as follows.

LEMMA 2.4. Let T: K — K be a normal operator on a separable Hilbert space.
Suppose T = W, via the unitary operator V, where p = (p, iy, ...). If
Vx = (fi, f - - . ), then v, is defined by

o0
2
dv, = 3 |f|" dw.
Jj=1
In particular, if p, > p,> . .., then v, < p,.

3. Subnormal operators. We now turn to the relationship between a subnor-
mal operator and its minimal normal extension. Suppose S: H — H is
subnormal and n-cyclic with minimal normal extension T: K — K. It is easy
to show (see Theorem 3.2) that T is n’-cyclic, where n’ < n. That n’ can be
smaller than n is demonstrated dramatically in the following

ExaMmpPLE 3.1. Let 7 be Lebesgue area measure restricted to D, and let
H, = O(L|z]% . .., |2/**; W,). Note that if s # j, then (2/|z[*, z|z[*), = 0
for 0 <k, t <n. Let T, = W,|, . It is easily checked that {|z|**}}_, spans
ker T¥. Hence, (ran 7,)~ has codimension n + 1, and it follows that T, is
(n + 1)-cyclic. On the other hand, the minimal normal extension is cyclic. If

. -

H_= ( U H,,) and T, = W]n,,
n=0

then T, is a subnormal operator which is not finitely cyclic (|z|* € ker T%

for each k > 0) even though its minimal normal extension is cyclic. []

In view of Theorem 2.3, the subnormal operator S is unitarily equivalent to
the restriction of W, to a subspace H of L?(w) for some sequence of measures
m=(np,-..,Hn) Since S is n-cyclic, there exist n elements F,, ..., F, of H
such that H = O(F,, ..., F,; W)- In order that this information be useful,
we must know something more about F,, ..., F,.
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THEOREM 3.2. Suppose S: H — H is subnormal and n-cyclic with minimal
normal extension T: K — K. Then T is n’-cyclic, where n’ < n. Furthermore,
there exist a sequence of measures p = (b, - - . » Iby) and elements F,, . . ., F,
of LX(w) with p, ., < iy, | < k <n’, and

F,=(10,...,0),

F2 = (4’2]’ 1) 0) .. ‘,0),

Fn’ = (‘Pn’l’ L) 'Pn’,n’-l?l)’ (3)
such that S = W,| g, where H = O(F,, ..., F,; W,).

ProOF. Choose n vectors x,, . . ., X, in H such that H = M (x,, ..., X,;
S). Since T is the minimal normal extension of S, we have K =
N(xy - - -5 X,; T). By Lemma 2.1, T is a’~cyclic, where n’ < n. Define X, as
in the proof of Lemma 2.1. Of course, one of the vectors X, may be zero. On
the other hand, by reordering the set {x,,..., x,} if necessary, we may
assume that %, . . ., X, are not zero, while (if n” <m) X,.,.,=-- - =X, =
0. For 1 < k < n”, there exist a measure g, and a unitary operator V,: IU(%,;
T)— L*(p,) such that V%, =1 and Tlg;z =W, via V,. Let p=
(4p - - - » ) and define V: K— L) by V(y, & - - - ®y,.) =
(V1215 -+ Ve Ype), so that T = W, via V. Let F; = Vx,. By construction
F,,...,F, have the form of (3) with n’ replaced by n”. If H =
M(Fy, ..., F,; W), then S = W,|5.

For arbitrary choice of the set {x,, ..., x,} it may happen that »” > n’
(see the following example). We will show, however, that the set {x,, ..., x,}
could have been chosen in such a way that ., <p, 1 <k <n”. This
assumption will imply (Lemma 2.2) that W, is n”-cyclic. Since T is n’-cyclic,
we will have ' = n”, and the proof will be complete.

The basic idea is first to modify x, so that with its new value, p, < p,,
2 < k < n”. Next, x, is modified so that g, < p,, 3 < k < n”, and so on. We
will illustrate this procedure for this case n” = 3. Choose a; # 0 such that
|1 + aspsy| > 0 ae. [p,), and then choose a, # 0 such that |1 + a,(¢,; +
azd3;)| > 0 ae. [p,). Now, replace x; by x, + a,x, + a,a;x;. This has the
effect of replacing u, by uj where

dp; =|1 + azy,, + “2“3‘P31|2d#1 +|“2|2|1 + a3¢32|2dy.2 +|“2°‘3|zdl‘3-

This replacement will also effect the definitions of %, and X; as well as the
measures g, and p, and the functions y;. The important fact is that with the
new definitions of p,, u, and p; we have g, < g, and p; < p,.

If > 1, we may still assume that X, 7 0 by interchanging x, and x; if
necessary. Choose B; # 0 such that |1 + B3s,| > 0 a.e. [ ), and replace x,
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by x, + B3x,. This has the effect of replacing X, by ¥*(0, 1 + B3¢s,, B5), and
hence of replacing p, by p;, where

dp =|1 + Bysy|” dp, +|Bs|” ds.
Thus we have g, > p, > py. J

The following example shows that we can have n’ < n” in the above proof.

ExaMPLE. Let E, = {z: |z] <2}, let E, = {z: $<|z| < 1}, and set g, =
X, i = 1,2. Let H = (g, 85; W,) (7 is defined in Example 3.1), and set
S = W,|y. Then g, € ker $*,i = 1, 2; hence, S is 2-cyclic with cyclic normal
extension W,. On the other hand, if we let x; = g; in the above proof, then we
haven” =2.

The pair (u; F,, ..., F,) will be called a standard representation for the
n-cyclic subnormal operator S if

M p=(pp ..., m) is a sequence of measures with n’ < n and p, > p,
>0 D U

@ F,, ..., F, are elements of L) with F,, . . ., F, having the form (3);
and

(3) § is unitarily equivalent to W,| 3, where H = O(F,, .. ., F,; W,).

In view of the previous theorem, every n-cyclic subnormal operator has a
standard representation. One obvious example of an n-cyclic subnormal
operatoris S = U, ® U,, ® - - - ®U,, where y; is a measure with compact
support, 1 < j<n,and p; > p, > --->pu,. Let p=(p,, ..., ) and let
E=@,...,0,1,0,...,0) (the “1” appearing in the jth position). A stan-
dard representation for S is (u; F, ..., F,). Let H @) = OU(F,, ..., F,;
W,) and let U, = W,| 42, so that S = U,. In particular, if ;= m, 1 <j <
n, then we will write m” for p. The operator U,,. is just the unilateral shift of
multiplicity n. We will study the subnormal operators quasisimilar to U, in
the next section.

COROLLARY 3.3. Suppose S: H — H is subnormal and finitely cyclic with
minimal normal extension T: K — K. Then there exists x € H such that

v, < v, for eachy € K.

ProoF. Let (u; F,,..., F,) be a standard representation for S, where
p=(4p ..., M) By Lemma 2.4, we have »; < p, for each G € L%(m). But
ve,=m- O

For a beautiful proof of the following proposition, see Morrel [11].

PROPOSITION 3.4. If T: H— H, then T has reducing subspaces Hy, and H,
such that T|y is normal, T|y, is completely nonnormal, and H = H,® H,.
Furthermore,

Hy= () ker(TVT** — T*TV).
Jk>0
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Proposition 3.4 yields a canonical decomposition of an operator T into a
normal part and a completely nonnormal part. We will call this decomposi-
tion the normal decomposition of T. We should mention that a completely
nonnormal subnormal operator is usually said to be completely subnormal or
pure.

An operator S is said to be dominant (cf. [12]) if ran(S — A) C ran(S — \)*
for each A € C. In particular, every hyponormal operator is dominant.

PROPOSITION 3.5. Let S and T be dominant operators with normal decomposi-
tions So @ S, on H= Hy® H, and T,® T, on K = K, ® K,, respectively.
Suppose there exist operators X: H— K and Y: K — H such that X and Y
have no kernel, XS = TX, and SY = YT. Then Sy, = T,

PROOF. Let
H, = (YKp)™, K, = (XHy)"~,
XO=XIH°:H0_>K2’ Yo= YlKO:Ko—)Hz,
S; = SIH,’ I, = T'x,-

By [12, Theorem 1] S, and 7, are normal. From [12, Lemma 2] it follows that
H, and K, reduce S, and T, respectively. Therefore, H, C H, and K, C K,
Since X, and Y, have no kernel, from [5, Lemma 4.1] it follows that Sy = T,
and Ty = S,. Hence [9] S = T,. O

Let T: K— K be a normal operator on a separable Hilbert space with
spectral measure P so that T = [z dP(z). Let p = (p,, &,, . . . ) be a sequence
of measures, and let ¥: K — L%*(u) be a unitary operator such that T = W,
via V. Let L2(n) be those elements F of L*(u) for which F =0 a.e. [u] on
C\ E. Then P(E) (or, more precisely, VP(E)V*) is the projection of L*()
onto L2(p). In particular, E is a set of spectral measure zero for T if, and only
if, p(E) = Oforeachj > 1.

A contraction A operating on H is said to be completely nonunitary (c.n.u.)
if no subspace of H reduces 4 to a unitary operator.

PROPOSITION 3.6. Suppose S is a c.n.u. subnormal contraction on a separable
Hilbert space H with minimal normal extension T: K — K. If E C ¥ is a set of
Lebesgue measure zero, then E is a set of spectral measure zero for T.

Proor. First, suppose S is n-cyclic with standard representation (m;
F,,...,F,), wherep = (py, ..., p,) Since
Wlorcriwn = Uy

the operator U, is c.n.u. By a result of Clary [4, Lemma 4.5] this is poséible
only if u, < m. Therefore, y|s < m because p; < ;. The proof is complete
for the finitely cyclic case.
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For the general case, let {e,, e,, ...} be an orthonormal basis of H, let
fi = e, and let f, be the orthogonal projection of e, into K ©
N(ey.-.»>e—y; T), so that K= N(f;; T)® N(f; T)® .... We must
show that »|g < m. Let H, = IM(e,, ..., ¢,; S), and let S, = S|, . The
minimal normal extension of S,, is T'| . , where

Kn= %(ep-..,en; T)= %(fl; T)eo .. Q%(f"’; T).

By the first part of this proof, »; | < m, 1 < k < n. Since n was arbitrary, the
proof is complete. [J

4. Subnormal operators of type S,. We now come to the main results.
Suppose S and S’ are quasisimilar subnormal operators. In the previous
section we showed that their normal parts must be unitarily equivalent. In
this section we find additional hypotheses which imply that their completely
subnormal parts must be quasisimilar. A complete characterization of those
subnormal operators quasisimilar to a unilateral shift of finite multiplicity is
also given in Theorem 4.4.

PROPOSITION 4.1. Let S: H — H be a subnormal operator with standard
representation (u; Fy, . .., F,), where p. = (py, . . . , py). Suppose supp ; C D
and wlg-« m, 1 < j < n’. In addition, suppose there is a bounded operator X:
H — H*(m") with dense range satisfying XS = Ug.X. Then

@n' =n,

(b) X is one-to-one,

(©) u;, and m are mutually absolutely continuous.

PROOF. Let py = (pyp, - - - » Myo), Where py = pls Let Hy =
M(Fy, ..., F,; W,), and set Sy = W, |4. As in [4, Lemma 4.5y}, the
operator X mduc&s an operator X,: Hy— H*m") with XoF = XF for each
F € O(F,, .. ; W,). Now X, has an extension Xo: L(g) — L¥(m")
such that Xol,, = Xo and X,W, = W._,.Xo (cf. [5, Corollary 5.1). By a
lemma of Douglas [S, Lemma 4. l] (ker X)* reduces W, ' (ran X ¥,)~ reduces
W and

Wl (cer 2)* = Wopl(ran )™ -

But (ran X))~ D H*m"), and so (ran Xp)~ = Li(m").
Suppose F € ker Xy, F # 0. Let K = 9N (F; W, ). Then

Wpo'(ketio)* ® Wpoll{ = Wll‘ & WMIK‘

But »x < m; therefore We © W, ol k 18 (7 + 1)-cyclic by Lemma 2.2. This
contradiction shows that Xo and, a fortiori, X have no kernel. Thus, W, =
Was and n' = n. It now follows that p; and m are mutually absolutely
continuous. [J
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Suppose an operator S is subnormal and n-cyclic with standard representa-
tion (u; Fy, ..., F,), where p = (p,, . . ., u,-). The operator S is said to be of
type S, if and only if »” = n and g is of type &, 1 < j < n. The next two
lemmas together show that if S is of type §,, then § is quasisimilar to the
unilateral shift of multiplicity n.

LEMMA 4.2. Suppose S: H — H is a subnormal operator of type S,. Then
there is a quasiinvertible operator X: H — H*(m") such that XS = U_X.

PROOF. Let (u; F,, . . ., F,) be a standard representation for S, where

Fo=0np- > Yp-11,0,...,0).
Let H = OR(F,, ..., F,; W,) and set S = W,| 5. For convenience, let ;; =
1 and ¢;; = 0forj > k, 1 < k < n. We assert that there exist outer functions
g1 - - - » 8, in H? such that for any set of n polynomials { p,, . . . , p,} we have
2 n n 2

lp.gil” < jgl kE_j Pr Yy am
Suppose for now that this assertion is true. Define G,, . . . , G, € H*(m") by
=(0,...,0, 8k 0,...,0), the g, appearing in the kth position. Then we
may defme X:H->H 2(m") by XF, = G, and XS = U_.X. A straightfor-
ward computation shows that this defines a bounded operator. Since
8y ---»>8, are outer, X has dense range. Suppose (f;,...,f,) € H and
X(fys--.5f) =0. Choose polynommls P 1 <k <n, j>1, such that
i1 PpFe >y - f) in H and such that X(p,F, + - - - +p,F,) >0
pointwise a.e. [m"]. This means that p,g, — 0 pointwise a.e. [m] on § and
P8 — 0 pointwise everywhere in D. Since g, is outer, this is possible only if

2% =1PuF, — 0 pointwise a.e. [p]; thatis, (f;, ..., f) =0.

We now prove the assertion above by induction on n. If n = 1, let g, be an
outer function with | g,[> = du,/dm. Suppose n > 2 and suppose the result is
true with n — 1 in place of n. Then there are outer functions §,, ..., g,_, in
H? such that

ae.[m], 1<i<n

-1

lgil < 2

2 Pk*!’lg )

ae. [m]

for any set of (n — 1) polynomials p,, . . ., p,_,. Let g, be an outer function
such that | g,|* = dp,/dm.For 1 <i <n—1,let

1
P; =|§i|2min{2 [2(" -1 2 I‘Pmlz "j} %}

Then flog ¢, dm > — oo. Indeed, fixi,1 <i <n — 1,and let
E=(ze9:0() = g lE@I).
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Then
| &
flogqp,dm flog2 la’m>—co

while
f log @; dm = —f log(2(n -1) "il % |2ﬁ)dm +f log d—"" dm
I\E ' S\E j=1% dm s\ _ dm

5y 2 dp,
> - 2(n—1 =2 |dm + log == dm > —oo.
-I;r\s( (n ) jgl M"' dm) j;'\s 8 dm ®

Therefore, there is an outer function g; € H? such that | g = ¢,
Now let {p,,...,p,} be a set of n polynomials and suppose 1 <i <
n — 1. By our choice of g;, we have

n—1|n—1 2
lpal® < @n = D7'|pgf < @n - 1)” { PAPREE } ae. [m].
@
Suppose
n- ’d
a0 Z| Sl 2] > T2 o

on a set E, of positive Lebesgue measure. We will show that on this set

d

2 2 Gk,

IP:gl” <P el [m].

(The following inequalities will all hold a.e. [m] on E,.) Indeed, by (5) for
1<j<n-1

2 n—1
2 Pk‘!’la

e B+ Aol g

(We are using here the following fact: if |z + w|>x <y, then |z|* < 2y +
2|w[?x, where z and w are complex and x and y are positive reals.) Addition
of these inequalities yields

n—1 2 di d
a;
kz_jpk% am <

n—1|n— n—l n—1
‘ 1 ElPk‘hq d"j Z(n l)[ 2 Pk‘l'lq —+ 2 Ipn"/ryl
J=1lk=j
Hence,
n=1|n—1 2 dy,
Jg 2 Pk'l’lg “— <|Pn (2(” 1) 2 “’,yl )
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Combining this inequality with (4) yields

P&l <|p.| (2(n ) 2'l¢,,1’ i )

or
n—1 du \"' 4 d
~ 2 Gl Hn 2 Gl
|p,.|2|gi|2(2(n - 1)121 ¥l -d)_n) am Sl
Finally, from the definition of g,
d
pllel <lp* 2 ae.[m] onE, OO

LEMMA 4.3. Let S: H — H be subnormal with standard representation (u;
F,...,F), wherep= (p,...,M,. Suppose that, for 1 < j < n,

(@) supp u; C D,

®) plg < m,

(¢) u; is not carried by the zero set of any element of H>.
Then there exists a quasiinvertible operator Y: H*m") — H such that YU, =
SY.

ProOF. Let H = M(F,,...,F,; W,) and set §= W,|;. Let F, =
(Y15 - - - » Yin)» 1 < k < n. For convenience, we have set §, = 1,1 <k <n
and y;, = 0, 1 < j <k < n. Define a measure », by

y, = jgl |‘ij'2 dy,.

For each &, 1 < k < n, there exists a function R, € L!(m) such that R, > 0
a.e.[m] and

fbmzdvk<j‘;m2R,‘dm<oo

for every f € H*. (Cf. [4, Lemma 4.4a] or [6, pp. 454—-455). The integral on
the left-hand side is over the open disk only.) Let g, be an outer function in
H > such that
av -1
|g,‘|2=(l+Rk+En'5) , 1<k<n
Define Y: H¥m") — H by
Y©,...,0,1,0,...,0)=gF, and YU, = SY.
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For arbitrary polynomials p,, . . ., p,,

2

n
" Y(py, - - - ,Pn)"i = kzlpkngk

=,§1 f
<n3 [t 3 el as)
“ 2, 12 ay,
<n 3 [ollad{(e + 2 am

<n|(py - - - 2o

Thus Y is bounded. By our choice of g, .. ., g,, their reciprocals belong to
H?; hence, Y has dense range. Suppose

»

n 2
kgl P& dl’j

n n
0=Y(h,...,h,) = ( > b - - - 2 M &icVin—15 hngn)‘
k=1 k=n—1
Since |g,| > 0 a.e. [ ], the function A, must vanish a.e. [ n,]. By hypothesis
(c), we must have h, =0 in H?2 But then the (n — 1)st coordinate of
Y(h,,...,h,)is h,_,g,_,. By the same argument h,_, = 0. Continuing in
this way, we see that h, = - - - = h, = 0; that is, Y is one-to-one. []

THEOREM 4.4. Suppose S is subnormal. Then S ~~ U, if and only if S is of
ype S,

PrOOF. If S is of type S,, then Lemma 4.2 and Lemma 4.3 together imply
that S ~~ U,.. Conversely, suppose S ~~ U,,. Trivially, S is n-cyclic, and
by Proposition 3.5, S is c.n.u. Let (u; F,, .. ., F,) be a standard representa-
tion for S, where p = (i, . - . , ). Let H = OU(F,, . . ., F,; W,). Without
loss of generality, we may assume that S = W,|,. There exist quasiinvertible
operators X: H — H*(m") and Y: H¥m") - H such that S ~~ U_. via
(X, Y). The proof will be by induction on n. For n = 1, the result is Theorem
4.5 of [4]. Suppose n > 1 and suppose the theorem is true with » — 1 in place
of n.

Since o(S) = o(Ug) = D, it is easy to see that supp, c D, 1 <k < n".
Let po = g and set pg = (0, - - - » Ihyo)- By Proposition 3.6, po < m,
1 < k < n’. Thus, we may apply Proposition 4.1 to conclude that n’ = n and
that m < o, 1 <k <n'. Let Hy= OM(F,,..., F,; W,), and let S, =
W, | #, As in the proof of Proposition 4.1, the operator X induces an operator
X,: Hy— H*m") such that X,F = XF for each F € H and XS, = U_.X,
In view of Proposition 4.1 and Lemma 4.3, X, has no kernel and Sy ~~ Up..
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To apply the inductive hypothesis, let H, = ON(F,, ..., F,_;; Sy, let S, =
Sol #,, and let X} = Xy| g . Then Uppl(ran x,)- is an (n — 1)-cyclic isometry with
no unitary part; that is, Upslran x,)- = Upe-1-

Again by Proposition 4.1 and Lemma 4.3, S, ~~ Ug-i. A standard
representation for S, is (fy; Fy, ..., F,_;), where jig = (g - - - 5 My 10)-
Hence by the inductive hypothesis, the measures y,, . . ., p,_, are of type &.
Since quasisimilar isometries are unitarily equivalent [8], there exists a unitary
operator ¥: H; — H>(m""") such that S, = U_.-: via ¥,. The operator ¥,
extends to a unitary operator V,: L?(ji)) > L*m"~") such that Wi = W
via ¥, [5, Corollary 5.1]. Let @, = (dj,/dm)"/? and define a umtary operator

Vy L) » L’@") by Vy(fy, - s f) = (fi - - - » fuop uf,), where
o+ shazp) = Vi(fys - - -, foy)- Finally, let H, = V,Hy, let S; = Wy,
and set F, =(1,0,...,0, F, =(,1,0,...,0),...,F_, =

©,...,0,1,0)and F, = V,F P1r -+ > P> P)-

Then H, =9 (F, ..., F,; W), and again using the fact that quasisimi-
lar isometries are unitarily equivalent, there is a unitary operator V;: H, —
H*m") such that S, = U, via V;. Let (g, . . ., g,) = V3F, 1 <j < n. By
the unitary equivalence the following equalities hold a.e. [m]:

n

> 88k =0, 1<i<j<n,
k=1

n
kzl lgel’ =1, 1<j<n,

n

kzl 88k = ¥ 1<j<n,
and
“ 2 < 2
2 lgul’ = 2 |l
For example, if 1 < i <j < n and p and g are arbitrary polynomials, then
0 = (pF, 4F;), = (pVsF, qV3F) .
n —_— n
=2 [ (pei) (a8a) am = | PQ(,EI g.-kg,-k)dm
In particular, the Fourier coefficients of the function 27 _, g, are all zero,
which is possible only if 27 _, 8,8 = O a.e. [m].
To finish the proof, we must show that [ log (d,/dm) > — co. We assert
that

4
2 =loaf” =|det(gu) ae. [m].
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Indeed,

————————— ” —
et = det(gu) TeCge) = det(gu et )" = det 3 5%

1 &
1 (73
= det :
l ¢n—l
~<P1 P - Pn-1 E'IZ-II‘PI:I:‘
d

=g 2 =
|al” = 2, -

But det(g;) € H 2/ and since dp,/dm is not the zero function,
f log %" dm > —oo. [J

The following example shows that Theorem 4.4 does not generalize in any
obvious way to include the case in which S is not finitely cyclic.

EXAMPLE. Let p = (m, m, . .. ). Let ¢ € L*(m) be a cyclic vector for W,,
let @, be the orthogonal projection of ¢ into HZ, and let ¢, = ¢ — ¢,. Define
F; € L*(p) as follows:

F, =(,0,...),

Fy= (93 1,0,...),
F,=(0,%1,0,...),
F,=(0,0,%1,0,...),

Let H = U({F;};~,; W,) and set S = W,| . The operator S is an isometry,
and in view of Theorem 4.4, one might suspect that S is quasisimilar to a
unilateral shift of infinite multiplicity. But, this is not the case because
F=(9,0,0,...) € H. Indeed, (9,0, . . .) is obviously in H. Also,

Fy— zF; + 2°F, — 2°Fs + - - - +z%F,,,,
=(¢2,0,...,0,22",0,...)EH.
Therefore, (¢,,0,...) € H, and hence F = (¢, + ¢,,0,...) € H. Now
S|on¢r;s) is unitary, and therefore S cannot be quasisimilar to a unilateral
shift. [J

We now come to the second main result of this section which, under
appropriate conditions, extends Proposition 3.5.
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THEOREM 4.5. Let S and S’ be subnormal with normal decompositions
SoDS;: Hy® Hi>Hy® H, and S;©® S{: Hy® H{—>H;® H,.
Suppose S| is of type S,. Then S ~~ S’ if, and only if, S, =S, and

Sl o~~~ Sll.

Proor. If Sy =S5 and S, ~~ S|, then trivially § ~~ S’. Conversely,
suppose S ~~ S’ via (X, Y). By Proposition 3.5, S, = Sg. Furthermore, by
Theorem 4.4 we may assume that S| = U,. Let X; = X|, and let P be the
orthogonal projection of H’ onto H|. As shown in the proof of Proposition
3.5, XH, C Hy. It follows that (PX,)(H,) is dense in H; and that (PX,)S, =
S1(PX,). Therefore, S, is cyclic of order at least n. On the other hand,
repeating this argument with Y in place of X shows that S, is cyclic of order
at most n. Thus S, is n-cyclic. By Proposition 4.1 the operator PX, has no
kernel and the minimal normal extension of S, is n-cyclic. In view of Lemma
4.3, S, ~~ S|. Therefore the operator S, is of type S, by Theorem 4.4. [J

COROLLARY. Suppose S is subnormal with normal decompositon S, ® S,. In
addition, suppose S, is n-cyclic. Then S is quasisimilar to an isometry if, and
only if, S, is unitary and S, is of type S,.

ProOF. If S, is unitary and S, is of type §,, then S ~~ Sy & Upp.
Conversely, suppose S ~~ V, where V is an isometry with Wold decomposi-
tion ¥, @ V,. Then S, = ¥, (Proposition 3.5); that is, S, is unitary. Further-
more, arguing as in the proof of Theorem 4.5, V, is a shift of finite
multiplicity n. Therefore S, ~~ ¥V, and by Theorem 4.4 S, is of type S,. [

Theorem 4.5 is false when S| is a shift of infinite multiplicity even if S is
unitary. The author is indebted to Professor Thomas Kriete for pointing out
the existence of a measure with the necessary properties for this example.

EXAMPLE. Let p be a measure such that

(1) supp p C D,

@ r(@3) >0,

() [ log(du/dm) dm = — o,

(4) U, is completely subnormal.

(Such measures exist. Indeed, let C, be the Cesaro operator and choose p
such that (I — Cp) = U,. See Theorem 8 and the proof of Theorem 2 in [10].)

Let py = plg and let py = (pg po - .- )- Let v=(p,m, m,...) and let
vV=(mm,...) Then W, & U,~~W, ®U,, but U, and U, are not
quasisimilar.

PROOF. Define X: L) ® H*(w) > L¥(pny) ® H*(¥) and Y: L’(py) ©
H?*() - L) ® H*(w) by

X(fofo-- ) O (818 --- ) =(8vfofp---) D (8r85--)
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and

Y((fl’-fz’ AR ) e (gl’gz’ AR )) = (fl’fz’ e ) Q(‘pgl’gz’ s )’
Here, ¢ is an outer function in H ® such that the mapping g > gp defines a
bounded, quasiinvertible operator from H?(m) into H*(p) (cf. Lemma 4.3).
An easy verification shows that

W,®U,~~W, ®U, via(X,Y).

Now, suppose there exists a bounded operator X,;: H%(¥) - H*#') such that
X,U, = U,X,. Let H be those elements in H*») of the form

(£,0,0,...), fe€H(p).

By [10, Theorem 1] X,|, is the zero operator because of condition (3) on u.
Therefore U, and U, cannot be quasisimilar.
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